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Abstract: In the paper, we study the generator problem of type II1 factors. By defining a new
concept closely related to the numbers of generators of a von Neumann algebra, we are able to
show that a large class of type II1 factors are singly generated, i.e., generated by two self-adjoint
elements. In particular, we show that most of type II1 factors, whose free entropy dimensions are
known to be less than or equal to one, are singly generated.
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1 Introduction
Let H be a separable complex Hilbert space, B(H) be the algebra consisting of all bounded linear
operators from H to H . A von Neumann algebra M is defined to be a self-adjoint subalgebra
of B(H) which is closed in the strong operator topology. Factors are the von Neumann algebras
whose centers are scalar multiples of the identity. The factors are classified by means of a relative
dimension function into type I, II, III factors. (see [9])
The generator problem for von Neumann algebras is the question of whether every von Neu-
mann algebra acting on a separable Hilbert space can be generated by two self-adjoint elements
(equivalently be singly generated). It is a long-standing open problem (see [8]), and is still un-
solved. Many people (see [3], [4], [6], [9], [12], [13], [14], [19] ) have contributed to this topic.
For example, von Neumann [10] proved that every abelian von Neumann algebra is generated by
one self-adjoint element and every type II1 hyperfinite von Neumann algebra is singly generated.
W. Wogen [19] showed that every properly infinite von Neumann algebra is singly generated. It
follows that the generator problem for von Neumann algebras, except for the non hyperfinite type
II1 von Neumann algebras, is solved. In [14], S. Popa proved that a type II1 von Neumann algebra
with a Cartan subalgebra is singly generated. L. Ge and S. Popa [6] proved that certain type II1
factors are singly generated. These type II1 factors include the ones with property Γ, those that are
not prime. In [4], Ge and the author proved that some type II1 factors with property T, including
L(SL(Z, 2m+ 1)) (m ≥ 1), are singly generated. This result answered one question proposed by
Voiculescu.
2In the early 1980s, D. Voiculescu began the development of the theory of free probability
and free entropy. This new and powerful tool was crucial in solving some old open problems
in the field of von Neumann algebras. In his ground-breaking paper [16], Voiculescu defined a
new concept called “free entropy dimension”, by which Voiculescu was able to show that free
group factors have no Cartan subalgebras [17]. To better understand the free entropy dimension
of von Neumann algebras has become an urgent task for the subject. It is believed that the free
entropy dimension is closely related to the number of generators of a von Neumann algebra. Also
because Voiculescu’s free entropy dimension is always defined on finitely generated von Neumann
algebras, it is important to know whether a von Neumann algebra is finitely generated, even singly
generated, or not.
Inspired by Voiculescu’s approach to free entropy dimension in [17], in this paper we define
a new concept, G(M), of a diffuse von Neumann algebra M. More specifically, suppose M is a
diffuse von Neumann algebra with a tracial state τ . The invariant G(M) is designed to count the
numbers of generators when these generators are in matricial forms (see definitions in section 2).
G(M) has many good properties, some of which are listed as follow.
1. If M is a type II1 factor and G(M) < 1/4, then M is singly generated.
2. If M is a diffuse hyperfinite von Neumann algebra with a tracial state τ , then G(M) = 0.
3. Suppose thatM is a type II1 factor with the tracial state τ . Suppose {Nk}∞k=1 is a sequence of
von Neumann subalgebras ofM that generatesM as a von Neumann algebra andNk∩Nk+1
is a diffuse von Neumann subalgebra of M for each k ≥ 1. If G(Nk) = 0 for k ≥ 1, then
G(M) = 0. In particular, M is singly generated.
4. Suppose that M is a type II1 factor with the tracial state τ . Suppose N is a von Neumann
subalgebra ofMwith G(N ) = 0 and {uk}∞k=1 is a family of unitary elements inM such that
{N , u1, u2, . . . } generates M as a von Neumann algebra. If there exists a family of Haar
unitary elements {vk,n}∞k,n=1 in N such that limn→∞ dist‖·‖2(u∗kvk,nuk,N ) = 0 for k ≥ 1,
then G(M) = 0. In particular, if there exists a family of Haar unitary elements {vk}∞k=1 inN
such that u∗kvkuk is contained in N for k ≥ 1, then G(M) = 0. And M is singly generated.
5. Suppose that M is a type II1 factor with the tracial state τ . Suppose N is a von Neumann
subalgebra of M with G(N ) = 0 and {uk}∞k=1 is a family of Haar unitary elements in M
such that {N , u1, u2, . . . } generates M as a von Neumann algebra. If u1 is contained in N
and u∗k+1uku∗k+1 is contained in the von Neumann subalgebra generated byN ∪{u1, . . . , uk}
for k ≥ 1, then G(M) = 0. In particular, M is singly generated.
Using the listed properties of G(M), we can easily provide many new examples of singly gen-
erated type II1 factors besides the ones we have known; and give the new proofs of some known
results, such as type II1 factors with property Γ or the ones with Cartan subalgebras, nonprime
type II1 factors, some type II1 factors with property T, are singly generated type II1 factors. More
importantly, the class of type II1 factors considered in [5] and [7] is a class of singly generated type
3II1 factors. Thus most of the type II1 factors, whose free entropy dimensions are known to be lass
than or equal to one, are singly generated.
Let us fix our notation. For a subset A of B(H), let A′′ denote the von Neumann algebra
generated by the elements of A in B(H).
2 Definitions
Suppose that M is a diffuse von Neumann algebra with a tracial state τ .
Definition 2.1 Let {pj}kj=1 be a family of mutually orthogonal projections ofM with τ(pj) = 1/k
for each 1 ≤ j ≤ k. For an element x of M, we define
I(x; {pj}kj=1) =
|{(i, j) | pixpj 6= 0}|
k2
,
where | · | denotes the cardinality of the set; and the support of x on {pj}kj=1 is defined by
S(x; {pj}kj=1) = ∨{pj | pjx 6= 0, or xpj 6= 0, 1 ≤ j ≤ k},
where ∨ denotes the union of the projections. For elements x1, . . . , xn in M, we define
I(x1, . . . , xn; {pj}kj=1) =
n∑
m=1
I(xm; {pj}kj=1).
Definition 2.2 For each positive integer k, let Ek denote the collection of all {pj}kj=1, the fami-
lies of mutually orthogonal projections of M with τ(pj) = 1/k for each 1 ≤ j ≤ k. Suppose
x1, . . . , xn are elements in M. We define
I(x1, . . . , xn; k) = inf {I(x1, . . . , xn; {pj}kj=1) | {pj}kj=1 ∈ Ek};
and
G(M; k) =


inf {I(x1, . . . , xn; k) | x1, . . . , xn generate M as a von Neumann algebra. }
∞; if M is not finitely generated.
Then, we define
G(M) = lim inf
k→∞
G(M; k).
Remark: By the definition, for every k > 1, we know that G(M; kn) is a decreasing function as n
increases. Thus, G(M) ≤ G(M; k) ≤ G(x1, . . . , xn; k) for each k ≥ 1, each family of generators
{x1, . . . , xn} of M.
43 G(M) :M is a Diffuse Hyperfinite von Neumann Algebra
In this section, we are going to compute G(M) when M is a diffuse hyperfinite von Neumann
algebra with a tracial state τ .
Lemma 3.1 Suppose M = M1 ⊕M2 is a von Neumann algebra with a tracial state τ , where
M1,M2 are the von Neumann subalgebras of M. Then G(M) ≤ G(M1) + G(M2).
Proof: It is trivial when one of G(M1),G(M2) is infinite. Let ci = G(Mi) for i = 1, 2. By the
definitions of G(M1) and G(M2), for each positive ǫ, we know there exist a large positive integer
k, elements {pj}kj=1, {qj}kj=1, {x1, . . . , xn} and {y1, . . . , ym} of M such that
1. {pj}kj=1, or {qj}kj=1, is a family of mutually orthogonal projections of M1, or M2 respec-
tively, with τ(pj) = τ(IM1)/k, τ(qj) = τ(IM2)/k,
∑
j pj = IM1 and
∑
j qj = IM2 .
2. {x1, . . . , xn}, or {y1, . . . , ym}, is a family of generators of M1, or M2 respectively.
3.
I(x1, . . . , xn; {pj}kj=1) ≤ c1 + ǫ
I(y1, . . . , ym; {qj}kj=1) ≤ c2 + ǫ.
A little computation shows
I(x1, . . . , xn, y1, . . . , ym; {pj + qj}kj=1) ≤ c1 + c2 + 2ǫ.
Hence, by definitions, we have G(M) ≤ c1 + c2 + 2ǫ; whence G(M) ≤ G(M1) + G(M2).
The following two propositions are obvious.
Proposition 3.1 Suppose Mk is a factor of type Ik and {eij}ki,j=1 is a system of matrix units of
Mk. Let x1 = e11 and x2 =
∑k−1
i=1 (ei,i+1 + e
∗
i,i+1). Then x1, x2 are two self-adjoint elements that
generate Mk as a von Neumann algebra.
Proposition 3.2 Suppose M ≃ A ⊗ N is a von Neumann algebra with a tracial state τ , where
A,N are finitely generated von Neumann subalgebras of M. If A is a von Neumann subalgebra
with G(A) = 0, then G(M) = 0. In particular, if A is a diffuse abelian von Neumann subalgebra
of M, then G(M) = 0.
Theorem 3.1 Suppose that R is the hyperfinite type II1 factor. Then G(R) = 0.
Proof: Let {nk}∞k=1 be a sequence of positive integers with nk ≥ 3 for k = 1, 2, . . . . It is easy to
see thatR ≃ ⊗∞k=1Mnk(C) where Mnk(C) is the algebra of nk×nk matrices with complex entries.
5Assume that {e(k)i,j }nki,j=1 is the canonical system of matrix units of Mnk(C). We should identify
Mnk(C) with its canonical image in ⊗∞k=1Mnk(C) if it causes no confusion. Let
x1 = e
(1)
11 +
∞∑
k=1
1
2k
e
(1)
22 ⊗ e(2)22 ⊗ · · · ⊗ e(k)22 ⊗ e(k+1)11
x2 =
n1∑
j=2
(ej−1,j + ej,j−1) +
∞∑
k=1
nk+1∑
j=2
1
2k
e
(1)
22 ⊗ e(2)22 ⊗ · · · ⊗ e(k)22 ⊗ (e(k+1)j−1,j + e(k+1)j,j−1 )
It is easy to check that, for each k ≥ 1, {e(k)ij }nki,j=1 is in the von Neumann subalgebra generated
by x1, x2 in R. Thus x1, x2 are two self-adjoint elements that generate R. Moreover, we have
I(x1, x2; {e(1)jj }n1j=1) ≤ 3/n1. Therefore, G(R) ≤ 3/n1, for all n1 ≥ 3. Hence G(R) = 0. Q.E.D.
Now we are able to compute G(M) for a diffuse hyperfinite von Neumann algebra M.
Theorem 3.2 Suppose M is a diffuse hyperfinite von Neumann algebra with a tracial state τ .
Then G(M) = 0.
Proof: Note a diffuse hyperfinite von Neumann algebra M can always be decomposed as
M≃ A0 ⊗R⊕ (⊕∞k=1Ak ⊗Mnk(C)) ,
whereR is the hyperfinite type II1 factor,A0 is an abelian von Neumann subalgebra ofM, andAk
is a diffuse abelian von Neuamnn subalgebra ofM. The rest follows from Lemma 3.1, Proposition
3.1 and 3.2, and Theorem 3.1. Q.E.D.
4 Cut-and-Paste theorem
The proof of following easy theorem is based on a “cut-and-paste” trick from [6] or [4].
Theorem 4.1 Suppose thatM is a von Neumann algebra with a tracial state τ . Suppose {eij}ki,j=1
is a system of matrix units of a Ik subfactor ofM with
∑k
j=1 ejj = I . If x1, . . . , xn are the elements
in M such that
I(x1, . . . , xn; {ejj}kj=1) = c2
with c ≤ 1
2
− 1
k
, then there exists a projection q in {x1, . . . , xn, eij; 1 ≤ i, j ≤ k}′′ so that
τ(S(q; {ejj}kj=1)) ≤ 2c+
2
k
and {q, eij; 1 ≤ i, j ≤ k}′′ = {x1, . . . , xn, eij; 1 ≤ i, j ≤ k}′′.
6Proof: Let
T = {(i, j, p) | eiixpejj 6= 0, 1 ≤ i, j ≤ k, 1 ≤ p ≤ n}.
Note that
|T | = k2 · I(x1, . . . , xn; {ejj}kj=1) = c2k2,
and the cardinality of the set
{(s, t) | 1 ≤ s ≤ [ck] + 1, [ck] + 2 ≤ t ≤ 2[ck] + 2}.
is equal to ([ck] + 1)2 ≥ c2k2. There exists an injective mapping from (i, j, p) ∈ T to
(s, t) ∈ {(s, t) | 1 ≤ s ≤ [ck] + 1, [ck] + 2 ≤ t ≤ 2[ck] + 2},
and denote this map by (i, j, p) 7→ (s(i, j, p), t(i, j, p)). Then each eiixpejj may be replaced by
es(i,j,p)ixpejt(i,j,p) for all (i, j, p) ∈ T . Let
y =
∑
(i,j,p)∈T
(
es(i,j,p)ixpejt(i,j,p) +
(
es(i,j,p)ixpejt(i,j,p)
)∗)
q1 =
[ck]+1∑
s=1
ess and q2 =
2[ck]+2∑
t=[ck]+2
ett.
Without loss of generality, we can assume that ‖y‖ ≤ 1. Then let
q =
1
2
q1(1 + (1− y2)1/2)q1 + 1
2
y +
1
2
q2(1− (1− y2)1/2)q2.
By the construction of q, it is easy to check that q is a projection in M with τ(S(q; {ejj}kj=1)) ≤
2c+ 2
k
and {q, eij; 1 ≤ i, j ≤ k}′′ = {x1, . . . , xn, eij ; 1 ≤ i, j ≤ k}′′. Q.E.D.
The following theorem indicates the relationship between G(M) and singly generated type II1
factors.
Theorem 4.2 Suppose M is a type II1 factor with the tracial state τ . If G(M) < 1/4, then M is
singly generated.
Proof: Note that M is a type II1 factor. From the preceding theorem and the definition of G(M),
for a sufficiently large integer k, there exist a system of matrix units, {eij}ki,j=1, of a Ik subfactor
of M and a projection q in M so that the following hold. (i) {q} ∪ {eij}ki,j=1 generates M; and
(ii) τ(S(q; {ejj}kj=1)) ≤ 2
√G(M) + 2
k
< 1 − 1
k
. Therefore we can assume that e11 and q are two
mutually orthogonal projections of M. Let x1 = e11 + 2q and x2 =
∑k−1
i=1 (ei,i+1 + e
∗
i,i+1). By
same argument as in Proposition 3.1 and the fact that {q}∪ {eij}ki,j=1 generates M, we obtain that
x1, x2 are two self-adjoint elements ofM that generateM as a von Neumann algebra. Q.E.D.
Remark: Instead of constructing a projection q in Theorem 4.1, if we are interested in construct-
ing a self-adjoint element, then the result in Theorem 4.2 can be improved as follows. SupposeM
is a type II1 factor with the tracial state τ . If G(M) < 1/
√
2, then M is singly generated.
75 Main Results
The following lemma essentially comes from Popa’s remarkable paper [15].
Lemma 5.1 Suppose M is a type II1 factor with the tracial state τ . Suppose {pj}kj=1 is a family
of mutually orthogonal projections in M with each τ(pj) = 1/k. Then there exists a hyperfinite
type II1 subfactor R of M such that R′ ∩M = CI and {pj}kj=1 ⊂ R.
Proof: By [15], there exists a hyperfinite subfactor R0 of M such that R′0 ∩M = CI . Since
M is a type II1 factor, there exists a unitary element w in M such that {pj}kj=1 ⊂ w∗R0w. Let
R = w∗R0w. Then R is a hyperfinite type II1 subfactor of M such that R′ ∩ M = CI and
{pj}kj=1 ⊂ R.
Definition: M1 is called an irreducible subfactor of a type II1 factor M if M1 ⊂ M and
M′1 ∩M = CI .
Lemma 5.2 Suppose that M is a type II1 factor with the tracial state τ . Suppose N is a von
Neumann subalgebra of M with G(N ) = c. Then for each ǫ > 0, there exists an irreducible
subfactor Mǫ of M such that N ⊂Mǫ ⊂M and G(Mǫ) ≤ c+ ǫ.
Proof: Since G(N ) = c, there exist some positive integer k > 8
ǫ
, a family of mutually orthogonal
projections {pj}kj=1 inN with τ(pj) = 1/k for 1 ≤ j ≤ k, and a family of generators {x1, . . . , xn}
of N , such that
I(x1, . . . , xn; {pj}kj=1) ≤ c+
ǫ
2
.
By Lemma 5.1, we can find an irreducible hyperfinite type II1 subfactor R of M such that
{pj}kj=1 ⊂ R. Thus there exists a system of matrix units {eij}ki,j=1 of a Ik subfactor Mk of R
such that ejj = pj for each j = 1, . . . , k. It is easy to see that R ≃ R1 ⊗Mk for some hyperfinite
type II1 subfactor R1 of R. By Theorem 3.1 and 4.2, we know the hyperfinite subfactor R1 is
generated by two self-adjoint elements y1, y2 that commute with Mk. By Proposition 3.1, Mk is
generated by two self-adjoint elements z1 = p1 and z2 =
∑k−1
j=1(ej,j+1+ ej+1,j) as a von Neumann
algebra. A little computation shows that
I(x1, . . . , xn, y1, y2, z1, z2; {pj}kj=1) ≤ c+
ǫ
2
+
2
k
+
2
k
≤ c+ ǫ.
Let Mǫ be the von Neumann subalgebra generated by R and N in M. Since R is an irreducible
type II1 subfactor of M, Mǫ is also an irreducible type II1 subfactor of M, which is generated by
x1, . . . , xn, y1, y2, z1, z2 in M as a von Neumann algebra. Hence G(Mǫ) ≤ c+ ǫ. Q.E.D.
Definition: The family of elements {eij}ki,j=1 is called a subsystem of matrix units of a von
Neumann algebra M if the following hold: (i) {eij}ki,j=1 ⊂ M; (ii) there exists a projection p in
M such that∑kj=1 ejj = p; (iii) e∗ij = eji for 1 ≤ i, j ≤ k; (iv) eilelj = eij for 1 ≤ i, l, j ≤ k.
Next proposition is our main technical result in the paper.
8Proposition 5.1 Suppose thatM is a type II1 factor with the tracial state τ . Suppose {Nk}∞k=1 is a
sequence of von Neumann subalgebras of M such that {Nk}∞k=1 generates M as a von Neumann
algebra and Nk ∩ Nk+1 is a diffuse von Neumann subalgebra of M for all k ≥ 1. Suppose, for
each k ≥ 1, ǫ > 0, there is an irreducible subfactor Mk,ǫ ofM such that Nk ⊂Mk,ǫ ⊂M and
G(Mk,ǫ) ≤ ǫ. Then G(M) = 0. In particular,M is singly generated.
Proof: Let ǫ < 1/8 be a positive number. From assumption on N1, there exists an irreducible
type II1 subfactor M1 of M such that N1 ⊂M1 ⊂M and G(M1) ≤ ǫ. By Theorem 4.1 and the
definition of G(M1), for a sufficiently large integer m1 > 3ǫ , there exist a projection q1 in M1 and
a system of matrix units {e(1)ij }m1i,j=1 of M1 such that
∑k
j=1 e
(1)
jj = I , τ(S(q1; {e(1)jj }m1j=1)) ≤ 3ǫ, and
{q1} ∪ {e(1)ij }m1i,j=1 generates M1 as a von Neumann algebra. Without loss of generality, we can
assume that e(1)11 , e
(1)
22 , q are mutually orthogonal projections in M1.
We claim that we can construct a sequence of positive integers {mk}∞k=1, a sequence of irre-
ducible type II1 subfactors Mk of M, subsystems of matrix units {{e(k)ij }mki,j=1}∞k=1, and a family
of projections {qk}∞k=1, such that (i) Nk ⊂ Mk ⊂ M for k ≥ 1; (ii)
∑mk+1
j=1 e
(k+1)
jj = e
(k)
22 for
k ≥ 1; (iii) qk+1 = e(k)22 qk+1e(k)22 , qk+1e(k+1)11 = 0, qk+1e(k+1)22 = 0 for k ≥ 1; (iv) {M1, . . . ,Mk}′′
= {q1, . . . , qk, e(p)ij ; 1 ≤ i, j ≤ mp, 1 ≤ p ≤ k}′′ for k ≥ 1.
We have already finished the construction when k = 1. Suppose that we have finished the
construction till k-step. Note that, by the assumption onNk+1, there exists an irreducible subfactor
Mk+1 of M such that
G(Mk+1) ≤
(
1
8m1 · · ·mk
)2
,
and Nk+1 ⊂Mk+1 ⊂M, i.e., (i) holds.
By the definition of G(Mk+1), there exist a sufficiently large integer mk+1 > 10, a family of
mutually orthogonal projections {pj}m1···mk+1j=1 in Mk+1 with each τ(pj) = 1/m1 · · ·mk+1 and a
family of generators {x1, . . . , xn} of Mk+1 such that
I(x1, . . . , xn; {pj}m1···mk+1j=1 ) ≤
(
1
4m1 · · ·mk
)2
(∗)
From the induction hypothesis on each Mj , we know that {Mj}kj=1 are a family of irreducible
type II1 subfactors of M, which implies {M1, . . . ,Mk}′′ is a type II1 subfactor of M. And,
{q1, . . . , qk, e(p)ij ; 1 ≤ i, j ≤ mp, 1 ≤ p ≤ k}′′ = {M1, . . . ,Mk}′′. (∗∗)
Let {e(k+1)ij }mk+1i,j=1 be a subsystem of matrix units in {M1, . . . ,Mk}′′ such that e(k)22 =
∑mk+1
j=1 e
(k+1)
jj ,
i.e., (ii) holds.
Then
Tk+1 = {e(1)i12 · · · e(k)ik,2e
(k+1)
st e
(k)
2,jk
· · · e(1)2j1 | 1 ≤ ip, jp ≤ mp, 1 ≤ p ≤ k, 1 ≤ s, t ≤ mk+1}
9is a system of matrix units of a Im1m2···mkmk+1 subfactor of {M1, . . . ,Mk}′′; and
Pk+1 = {e(1)i12 · · · e(k)ik ,2e(k+1)ss e
(k)
2,ik
· · · e(1)2i1 | 1 ≤ ip ≤ mp, 1 ≤ p ≤ k, 1 ≤ s ≤ mk+1}
is a family of mutually orthogonal equivalent projections in {M1, . . . ,Mk}′′ with sum IM. Note
the following facts: (1) Mk ∩Mk+1 is a diffuse von Neumann subalgebra; (2) Pk+1 is in the type
II1 subfactor {M1, . . . ,Mk}′′; (3) {pj}m1···mk+1j=1 is in the type II1 subfactorMk+1. Thus there exist
unitary elements vk+1 in {M1, . . . ,Mk}′′ and wk+1 in Mk+1 such that wk+1vk+1 maps Pk+1, one
to one, onto {pj}m1···mk+1j=1 . By (∗), it is easy to compute that
I(v∗k+1w∗k+1x1wk+1vk+1, . . . , v∗k+1w∗k+1xnwk+1vk+1;Pk+1) ≤
(
1
4m1 · · ·mk
)2
By Theorem 4.1, there exists a projection qk+1 in M so that
{v∗k+1w∗k+1x1wk+1vk+1, . . . , v∗k+1w∗k+1xnwk+1vk+1, Tk+1}′′ = {qk+1, Tk+1}′′ (∗∗∗)
and
τ(S(qk+1;Pk+1)) ≤ 1
2m1 · · ·mk +
2
m1 · · ·mk+1 <
1
m1 · · ·mk −
3
m1 . . .mk+1
.
Because
τ(e
(k)
22 ) =
1
m1 · · ·mk , τ(e
(k+1)
11 ) = τ(e
(k+1)
22 ) =
1
m1 · · ·mkmk+1 ,
we might assume that qk+1 = e(k)22 qk+1e
(k)
22 , qk+1e
(k+1)
11 = 0, qk+1e
(k+1)
22 = 0, i.e., (iii) holds.
Note vk+1 is in {M1, . . . ,Mk}′′, which, by (∗∗), is in the von Neumann algebra generated by
{q1, . . . , qk} ∪ {{e(p)ij }i,j=1,...,mp;1≤p≤k}. It is easy to check that
{Tk+1}′′ = {e(p)ij ; 1 ≤ i, j ≤ mp, 1 ≤ p ≤ k + 1}′′.
Together with (∗∗∗), we get that {w∗k+1x1wk+1, . . . , w∗k+1xnwk+1} is contained in the von
Neumann subalgebra generated by {q1, . . . , qk, qk+1} ∪ Tk+1 in M. But Mk+1 is generated by
{w∗k+1x1wk+1, . . . , w∗k+1xnwk+1}, since wk+1 is in Mk+1. Hence, Mk+1 is in the von Neu-
mann algebra generated by {q1, . . . , qk, qk+1} ∪ Tk+1. Combining with the facts that
{M1, . . . ,Mk}′′ = {q1, . . . , qk, e(p)ij ; 1 ≤ i, j ≤ mp, 1 ≤ p ≤ k}′′ ⊃ Tk+1,
qk+1 ∈ {v∗k+1w∗k+1x1wk+1vk+1, . . . , v∗k+1w∗k+1xnwk+1vk+1, Tk+1}′′ ⊂ {M1, . . . ,Mk+1, Tk+1}′′,
we know that
{M1, . . . ,Mk,Mk+1}′′ ⊂ {Mk+1, q1, . . . , qk, e(p)ij ; 1 ≤ i, j ≤ mp, 1 ≤ p ≤ k + 1}′′
⊂ {Mk+1, q1, . . . , qk, Tk+1}′′ ⊂ {q1, . . . , qk+1, Tk+1}′′
⊂ {q1, . . . , qk+1, e(p)ij ; 1 ≤ i, j ≤ mp, 1 ≤ p ≤ k + 1}′′
⊂ {M1, . . . ,Mk,Mk+1, Tk+1}′′ ⊂ {M1, . . . ,Mk,Mk+1}′′;
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whence (iv) holds. This finishes the construction at (k + 1)-th step.
Let
x1 =
(
∞∑
k=1
1
2k
e
(k)
11
)
+
(
∞∑
k=1
1
3k
qk
)
x2 =
∞∑
k=1
mk∑
j=2
1
2k
(e
(k)
j−1,j + e
(k)
j,j−1)
Note that, by induction hypothesis (iii), we know {e(k)11 , qk; k ≥ 1} is a family of mutually orthog-
onal projections in M. Thus, {e(k)11 , qk; k ≥ 1} is in the von Neumann subalgebra generated by
x1. By the construction of x2 and the fact that {e(k)11 ; k ≥ 1} is in the von Neumann subalgebra
generated by x1, we get that {e(k)ij ; 1 ≤ i, j ≤ mk, k ≥ 1} is in the von Neumann subalgebra
generated by {x1, x2}. Hence, by induction hypothesis (iv), {Mk}∞k=1 is in the von Neumann sub-
algebra generated by {x1, x2}, i.e., x1, x2 are self-adjoint elements in M that generate M as a von
Neumann algebra. Moreover, a little computation shows that
I(x1, x2; {e(1)ij }m1i,j=1) ≤ 3ǫ+
3
m1
≤ 4ǫ.
Therefore, G(M) ≤ 4ǫ, for all ǫ > 0. It follows that G(M) = 0. Q.E.D.
Theorem 5.1 Suppose that M is a type II1 factor with the tracial state τ . Suppose {Nk}∞k=1 is a
sequence of von Neumann subalgebras of M that generates M as a von Neumann algebra and
Nk ∩ Nk+1 is a diffuse von Neumann subalgebra of M for each k ≥ 1. If G(Nk) = 0 for k ≥ 1,
then G(M) = 0. In particular,M is singly generated.
Proof: The result follows easily from Lemma 5.2 and Proposition 5.1.
Definition: Suppose thatM is a diffuse von Neumann subalgebra with a tracial state τ . A unitary
element v in M is call a Haar unitary element if τ(vm) = 0 for all m 6= 0.
Lemma 5.3 Suppose that M is a type II1 factor with the tracial state τ . Suppose N is a von
Neumann subalgebra of M such that G(N ) = c. Suppose u is a unitary element in M such that,
for some Haar unitary element v in N , u∗vu is contained in N . Then, for every ǫ > 0, there exists
an irreducible type II1 subfactor Mǫ such that {N ∪ {u}}′′ ⊂Mǫ ⊂M and G(Mǫ) ≤ c+ ǫ.
Proof: By Lemma 5.2, there exists an irreducible type II1 subfactor Nǫ of M such that N ⊂
Nǫ ⊂M and G(Nǫ) ≤ c+ ǫ/2. Thus, by the definition of G(Nǫ), there exist some positive integer
k > 8
ǫ
, a family of mutually orthogonal projections {pj}kj=1 inNǫ with τ(pj) = 1/k for 1 ≤ j ≤ k,
and a family of generators {x1, . . . , xn} of Nǫ, such that
I(x1, . . . , xn; {pj}kj=1) ≤ c+
ǫ
2
.
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Note u is a unitary element in M such that, for some Haar unitary element v in N , u∗vu is
contained inN . It follows that there exist two families of mutually orthogonal projections, {ej}kj=1,
{fj}kj=1, in N with τ(ej) = τ(fj) = 1/k such that u∗eju = fj for j = 1, . . . , k. Note Nǫ is
a type II1 subfactor that contains N . There exist two unitary elements w1, w2 in Nǫ such that
pj = w
∗
1ejw1 = w
∗
2fjw2 for j = 1, . . . , k. Thus w∗1uw2pj = pjw∗1uw2 for j = 1, . . . , k. It follows
I(x1, . . . , xn, w∗1uw2; {pj}kj=1) ≤ c+
ǫ
2
+
1
k
≤ c+ ǫ.
LetMǫ be the von Neumann subalgebra generated by x1, . . . , xn, w∗1uw2 inM; whence G(Mǫ) ≤
c + ǫ. Note Nǫ is contained in Mǫ, so are w1, w2. Thus u is also contained in Mǫ, whence
{N ∪ {u}}′′ ⊂ Mǫ ⊂M. From the fact that N ′ǫ ∩M = CI , it follows that Mǫ is an irreducible
type II1 subfactor of M. Q.E.D.
Theorem 5.2 Suppose thatM is a type II1 factor with the tracial state τ . SupposeN is a von Neu-
mann subalgebra of M and {uk} is a family of unitary elements in M such that {N , u1, u2, . . . }
generates M as a von Neumann algebra. Suppose there exists a family of Haar unitary elements
{vk}∞k=1 such that u∗kvkuk is in N for k ≥ 1. If G(N ) = 0, then G(M) = 0. In particular, M is
singly generated.
Proof: Let Nk be the von Neumann subalgebra generated by N and uk in M for k ≥ 1. Using
Lemma 5.3 and Proposition 5.1, we easily obtained the result. Q.E.D.
Theorem 5.3 Suppose that M is a type II1 factor with the tracial state τ . Suppose N is a
von Neumann subalgebra of M and {uk} is a family of Haar unitary elements in M such that
{N , u1, u2, . . . } generates M as a von Neumann algebra. Suppose u1 is in N and u∗k+1uku∗k+1
is in the von Neumann subalgebra generated by N ∪ {u1, . . . , uk} for k ≥ 1. If G(N ) = 0, then
G(M) = 0. In particular,M is singly generated.
Proof: Let Nk be the von Neumann subalgebra generated by N and u1, . . . , uk in M for k ≥ 1.
Using Lemma 5.3, inductively, and Proposition 5.1, we can easily obtained the result. Q.E.D.
Lemma 5.4 Suppose that M is a type II1 factor with the tracial state τ . Suppose N is a von
Neumann subalgebra of M such that G(N ) = 0. Suppose u is a unitary element in M such that,
for a family of Haar unitary elements {vn} in N , limn→∞ dist‖·‖2(u∗vnu,N ) = 0. Then, for every
ǫ > 0, there exists an irreducible type II1 factor Mǫ such that {N ∪ {u}}′′ ⊂ Mǫ ⊂ M and
G(Mǫ) ≤ ǫ.
Proof: By the assumption on the unitary element u, we can assume that there exists a family of
Haar unitary elements {wn}∞n=1 in N such that limn→0 ‖u∗vnu−wn‖2 = 0 (see [7]). Equivalently,
for every k > 1, ǫ = 1/k, there exist {pj}kj=1, {qj}kj=1 families of mutually orthogonal projections
of N with each τ(pj) = τ(qj) = 1/k, such that ‖u −
∑k
j=1 pjuqj‖2 < ǫ. Let xk =
∑k
j=1 pjuqj
and Nk = {N , xk}′′. Thus xk ‖·‖2−→ u. A straightforward adaption of the proofs of Lemma 5.3
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and Proposition 5.1 shows that there exist a subsequence {kp}∞p=1 of {k}∞k=1 and an irreducible
subfactor Mǫ of M such that {Nkp}∞p=1 ⊂ Mǫ ⊂ M and G(Mǫ) ≤ ǫ. But xkp ∈ Nkp and
xkp
‖·‖2−→ u, as p→∞. Thus u ∈Mǫ. This completes the proof. Q.E.D.
Remark: The statement that “u is a unitary element in M such that, for a family of Haar uni-
tary elements {vn} in N , limn→∞ dist‖·‖2(u∗vnu,N ) = 0” is equivalent to say that “the constant
sequence (u)n is a unitary element in Mω such that, for some Haar unitary elements (vn)n, (wn)n
in N ω, [(u)n]∗[(vn)n][(u)n] = [(wn)n],” where ω is a free ultra-filter of N and Mω, or N ω, is the
corresponding ultra-power of M, or N respectively, along ω.
Using Lemma 5.4 and Proposition 5.1, we can easily obtain the following theorem.
Theorem 5.4 Suppose thatM is a type II1 factor with the tracial state τ . SupposeN is a von Neu-
mann subalgebra of M and {uk} is a family of unitary elements in M such that {N , u1, u2, . . . }
generates M as a von Neumann algebra. Suppose there exists a family of Haar unitary elements
{vk,n}∞k,n=1 in N such that limn→∞ dist‖·‖2(u∗kvk,nuk,N ) = 0 for k ≥ 1. If G(N ) = 0, then
G(M) = 0. In particular,M is singly generated.
6 A Few Applications
In this section, we show that many type II1 factors are singly generated. We provide new proofs of
some known results, such as type II1 factors with property Γ or the ones with Cartan subalgebras
are singly generated. New examples of singly generated type II1 factors are also given.
Using Theorem 5.3 in [1] (or Lemma 4 in [7]) and Theorem 3.2 and 5.4, we have the following
result from [6].
Corollary 6.1 Suppose M is a type II1 factor with property Γ. Then G(M) = 0. In particular,
M is singly generated.
Using Theorem 3.2 and 5.3, we have the following result.
Theorem 6.1 Suppose that M is a type II1 factor. Suppose that {uk}∞k=1 is a family of Haar uni-
tary elements inM that generateM and u∗k+1ukuk+1 is contained in the von Neumann subalgebra
generated by {u1, . . . , uk} for k ≥ 1. Then G(M) = 0. In particular,M is singly generated.
As another corollary of Theorem 3.2 and 5.3, we obtain the following result from [14].
Corollary 6.2 Suppose M is a type II1 factor with Cartan subalgebras. Then G(M) = 0. In
particular,M is singly generated.
Using Theorem 3.2, 5.2 and 5.3, we have the following result.
Theorem 6.2 Suppose M is a type II1 factor generated by a family {uij}∞i,j=1 of Haar unitary
elements in M such that
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1. for each i, j, u∗i+1,juijui+1,j is in the von Neumann subalgebra generated by {u1j , . . . , uij};
2. for each j ≥ 1, {u1j, u2j, . . .}
⋂ {u1,j+1, u2,j+1, . . .} 6= ∅.
Then G(M) = 0. In particular,M is singly generated.
The following corollaries follow easily from Theorem 6.2 (also see [4], [6]).
Corollary 6.3 Suppose M = L(SL(Z, 2m + 1)) (m ≥ 1) is the group von Neumann algebra
associated with SL(Z, 2m+1), the special linear group with integer entries. Then G(M) = 0. In
particular,M is singly generated.
Corollary 6.4 Suppose M is a nonprime type II1 factor, i.e. M ≃ N1 ⊗ N2 for some type II1
subfactors N1,N2 of M. Then G(M) = 0. In particular,M is singly generated.
Remark: Combining with the results in [5], [7], we have shown that most of the type II1 factors,
whose free entropy dimensions are known to be less than or equal to one, are singly generated.
Examples: New examples of singly generated II1 factors can be constructed by considering the
group von Neumann algebras associated with some countable discrete groups. The following are
a few of them. (i) Let G be the group 〈g1, g2, . . . | gigi+1 = gi+1gi, i = 1, . . .〉. Then G(L(G)) = 0
and L(G) is singly generated, where L(G) is the group von Neumann algebra associated with G.
(ii) Let G be the group 〈a, b, c | ab2a−1 = b3, ac2a−1 = c3〉. Then G(L(G)) = 0 and L(G) is singly
generated.
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